We consider thermoelectric transport properties of the edge states of a two dimensional topological insulator in a double quantum point contact geometry coupled to two thermally biased reservoirs. Both spin-preserving and spin-flipping tunneling processes between opposite edges are analyzed in the presence of electron-electron interactions. We demonstrate that the simultaneous presence of spin-flipping processes and interactions gives rise to a finite longitudinal spin current. Moreover, its sign and amplitude can be tuned by means of gate voltages with the possibility to generate a pure spin current, with a vanishing charge current.
I. INTRODUCTION
In the pursuit of high-performance thermoelectric materials a prominent attention has been devoted to topological states of matter, such as quantum Hall systems (QHSs)
1-3 and topological insulators (TIs) [4] [5] [6] [7] [8] [9] . Thermoelectric effects in QHSs have been investigated for possible future applications exploiting the conduction properties of one dimensional protected chiral edge states [10] [11] [12] [13] [14] [15] . In comparison with QHSs, TIs add to predicted optimal thermoelectric performance [16] [17] [18] [19] peculiar spin transport properties. The hallmark of two dimensional (2D) TIs is the emergence of a pair of metallic edge states on the boundaries of the system, where electrons with opposite spin polarization propagate in opposite directions (the socalled spin-momentum locking). Helical edge states, as they are referred to, are topologically protected against backscattering, as long as time-reversal symmetry is preserved. As a consequence, transport along edge states occurs in the ballistic regime and conductance is perfectly quantized. Experimental evidences of 2D TIs were reported through the observation of a quantized conductance in HgTe/CdTe 9, 20, 21 and InAs/GaSb 22-24 quantum wells. Spin-momentum locking and topological protection make TIs very interesting materials for the field of spin thermoelectrics 25, 26 . Thermal manipulation of the spin degree of freedom is relevant to improve spin-based devices, which are believed to be faster and less consuming with respect to their electronic counterparts 27, 28 . Spin thermoelectrics has been recently invigorated by the direct observation of spin Seebeck 29, 30 , Peltier 31 and Seebeck spin tunneling 32, 33 effects in magnetic systems. In graphene tunnel junction, spin currents are predicted by coupling to thermally biased normal leads in consequence of intrinsic 34 and Rashba 35 spin-orbit interaction. In HgTe/CdTe quantum wells, a transverse spin current (spin Nerst effect) is expected to be generated in a crossterminal setup by overlapping of edges state due to finite size effects 36 . In principle, the linear dispersion relation of edge states in TIs, satisfying particle-hole symmetry, would prevent any thermoelectric response of edge states. In order to recover thermoelectric effects, previous work proposed to introduce a truncation in the dispersion relation 16, 17, 37 , open a gap 38 , exploit the strong energydependence of the lifetime of edge states 19 or introduce a spin-dependent backscattering region through the coupling with an anti-dot 39 . Also, the combined effects of tunneling and quantum interference in a multiple quantum point contact (QPC) geometry give rise to an energy-dependent transmission amplitude in QHSs, which effectively breaks particle-hole symmetry introducing a thermoelectric response 14 . This result is related to topological protection, which guarantees phasecoherent transport regime, allowing for observation of wave-like effects such as quantum interference. Interferometric setups with double QPC junction have been proposed even on the edge states of TIs [40] [41] [42] [43] [44] [45] . In comparison with QHS interferometry, electrons incoming into a QPC can undergo two distinct tunneling events in TIs. The first is a spin-preserving tunneling process, which induces backscattering events for electrons. The second is a spin-flipping process, which maintains the direction of motion of incoming electrons. This spin-flipping mechanism arises as a consequence of spin-orbit coupling that can affect the spin quantization axis inside the tunneling region [46] [47] [48] . The simultaneous presence of quantum interference, which can be properly exploited to break particle-hole symmetry, and tunneling processes related to spin polarization makes interferometric setup in TIs appealing for spin thermoelectrics. In this paper, we investigate spin thermoelectrics in a 2D TI connected to two thermally biased reservoirs in the presence of a double QPC geometry. Our aim is to put the focus on the role of electron-electron interactions in spin transport properties of helical edge states. This purpose is strongly supported by the recent experimental observation of interaction-induced effects on the conductance of the edge states in InAs/GaSb heterostructures, where power law behaviors typical of a Luttinger liquid were measured at low temperatures 49 . Remarkably, we found that interactions play a crucial role in the generation of a spin thermoelectrics response in TIs. We demonstrate that the contribution of spinflipping tunneling to spin transport in a two terminal configuration is dramatically modified by the introduction of interactions. The effective transmission related to spin-flipping processes acquires a functional dependence on energy in the interacting regime. This energy dependence, necessary in order to generate thermoelectric effects, cannot be observed in non-interacting systems 41 . In consequence of this novel property, a longitudinal thermoelectric spin current is generated in response to a thermal gradient in the non linear regime through spinflipping tunneling. Finally, we show that pure spin currents (i.e. nonvanishing spin currents in the absence of any charge current) can be generated in our setup by properly acting on the parameters of the tunneling region. The paper is organized as follows. In Sec. II we introduce the setup and the tunneling operators for spin-preserving and spin-flipping processes. In Sec. III we define current operators and discuss transmission amplitudes in the non interacting case. In Sec. IV we focus on the properties induced by interactions and describe charge and spin transport in the framework of helical Luttinger liquid model. Sec. V is devoted to the evaluation of thermoelectric currents and to the presentation of the results for a double QPC geometry. Finally, in Sec. VI, we draw our conclusion.
II. SETUP AND GENERAL SETTINGS
We consider a 2D TI in a two terminal configuration, as depicted in Fig. 1 . The two contacts have the same chemical potential µ L = µ R = µ but two different temperatures T L and T R , with L (R) indicating the left (right) reservoir. Here the direction of propagation of spin ↑ and spin ↓ electrons, in both edges, is constrained by helicity. The free Hamiltonians of each channel (r, σ), with r = R, L and σ =↑, ↓ are (ξ R/L = ±1 and = 1)
where v F is the Fermi velocity and ψ r,σ (x) is the fermionic field which annihilates right-moving (R) or left-moving (L) electrons with spin ↑ or ↓. The Hamiltonian Eq.
(1) conserves the number operator
which counts the number of electrons moving in the r direction with spin σ. The presence of constrictions, like quantum point contacts, allows for interedge tunneling events. Time-reversal symmetry restricts the possible tunneling events to 43, 45 and
The former accounts for spin-preserving (p) backward scattering processes, while the latter takes into account spin-flipping (f ) forward scattering. In the above equations Λ p/f are the constant tunneling amplitude for p/f processes, whereas f (x) describes the precise shape of the tunneling region 14, 50 . Note that Eqs. (3) and (4) conserve the total number of electrons on each edge separately and satisfyṄ
Although the formalism is valid for a generic tunneling region, we will present results for the case of a double QPC geometry with f (x) = 1 2 p=±1
, where d is the distance between the two QPCs. As previously proposed 40, 41, 45, 51 , we consider two gate voltages V t/b capacitively coupled to the top and bottom edges to shift the Fermi momenta
thus effectively modifying the dynamical phase acquired by the propagating electrons.
III. CHARGE AND SPIN CURRENTS
We are interested in studying whether a thermal gradient T L = T R is able to induce charge I c and spin I s currents flowing along the edges of the system. In the absence of tunneling, spin current I s is zero in a two terminal configuration due to symmetry constraints. The same occurs for charge current I c , because particle-hole symmetry is preserved and prevents any thermoelectric effect due to a thermal gradient. In the following we investigate the generation of thermoelectric currents in the presence of interedge tunneling. We thus define charge and spin current operators as (e > 0)
which, by virtue of particle number conservation, can be recast in the form
Since we are interested in evaluating the expectation value of Eqs. (10)- (11), it is useful to express them in terms of fermionic operators
It is worth noting that charge current is unaffected by f -tunneling processes.
A. Transmission amplitudes in the non-interacting case
The transport properties of the system crucially depend on the presence of tunneling. Therefore it is useful to recall the physical picture for the p and f processes, focusing, for the moment, on the case without electron interactions 41 , whose presence will be discussed later. In the absence of interactions the scattering matrix formalism can be applied, allowing to evaluate the transmission through the tunneling regions. It is possible to demonstrate that, for an arbitrary tunneling region, the transmission amplitude factorizes into two contributions T p and T f , related to spin-preserving and spin-flipping processes respectively 41 . We briefly recall the main results and the physical mechanism for these two quantities. We restrict the discussion to weak tunneling between the edges, which will allow a comparison with the interacting regime discussed in the next Section. In Fig. 2 is depicted the energy dispersion for edge states in the tunneling region. The presence of gate voltages shifts the Dirac cones. Let us consider firstly p-tunneling, depicted in Fig. 2(a) . In this case a right moving excitation can tunnel to the other edge in the opposite branch preserving its spin component. Contrary to energy, momentum is not conserved during tunneling because of the breaking of translational invariance. Assuming that an electron with energy E tunnels from the top to the bottom edge, the transferred momentum will be
and it depends on the energy E. Nevertheless the functional dependence of the transmission amplitude T p (E) is crucially determined by the shape of the tunneling region. Indeed, the transferred momentum appears exclusively in the electronic phases, which affect transmission amplitude solely in the presence of quantum interference effects. Specific tunnel junction, such as multiple QPC or extended contact junctions, are required to observe quantum interference. Under these conditions, p-tunneling occurs with an energydependent transmission amplitude T p (E). In contrast, f -tunneling processes cannot give rise to any energy-dependent transmission amplitude T f . In Fig. 2(b) we show such processes, where electrons tunneling between the two edges change their spin components but not their chiralities. Looking at Fig. 2(b) one can argue that energy conserving processes all transfer the same momentum, and therefore transmission amplitude T f is not energy dependent.
Consider now the effects of p-and f -tunneling processes on the charge and spin currents. A R ↑ excitation can reach the right reservoir either remaining on its channel or by tunneling via f -process, changing its spin component into R ↓. The former situation is described by the transmission amplitude T p T f , while the latter reads T p (1 − T f ). Therefore the total transmission for a R ↑ electron from left to right reservoir is given by
and it is not affected by fprocesses. According to Landauer-Büttiker formalism 52 , the corresponding expectation value can be written as
which is different from zero, since T p (E) transmission for p-processes is energy dependent and breaks particle-hole symmetry. A similar argument holds true also for R ↓ and L ↓ electrons, whose expectation values are Ṅ R↓ = − Ṅ L↓ = Ṅ R↑ . By means of definitions (10) and (11) we see that longitudinal spin current I s is zero, while charge current can be written as
Although breaking of particle-hole symmetry due to tunneling is able to generate charge thermoelectric effects, the spin sector remains insensitive to the thermal gradient because of symmetry considerations.
In the following we will show that electron-electron interactions can radically modify this picture.
IV. TURNING ON INTERACTIONS
Recently, evidence of electron interactions at the edge of the 2D TI InAs/GaSb has been reported 49 . Therefore it is important to investigate how their presence affect the thermoelectric and transport properties discussed in the previous section. The Hamiltonian for the interacting electrons is thus
with H r,σ the free Hamiltonians in Eq. (1) and
where g 4 and g 2 are coupling constants describing the strength of intra-and inter-channel interactions among electrons. Interactions are treated in the so-called helical Luttinger liquid model, and the above Hamiltonian can be diagonalized introducing proper bosonic fields and using well-known bosonization techniques [53] [54] [55] . Here, fermionic operators can be expressed as
with φ r,σ bosonic fields, F r,σ the so-called Klein factors and a a short-length cut-off. The new chiral fields, satisfying φ
where
is the renormalized velocity and
is the interaction parameter. In terms of chiral bosonic fields the uncoupled interacting edge states are described by
In the following analysis we study the weak tunneling regime by considering not too strong interactions, namely 1/ √ 3 ≤ K ≤ 1. In this regime, single electron tunneling is in general 57 the dominant contribution, both in the single and in the double constriction setup 58-62 . Multi-particle processes can also occur 46, 58, 63 , but at low energies and weak interactions they are expected to be negligible compared to single-particle tunneling. Let us discuss now how f -tunneling is affected by the presence of interactions. Recalling the simple scheme depicted in Fig. 2(b) , in the non-interacting case (K = 1) the final energy of the R ↓ electron is fixed and correspond to the incoming one of R ↑ electron. In that case, processes in which the R ↓ electron has lower energy than the R ↑ one are not allowed. On the contrary, in the interacting case (K < 1) such processes exist, due to the peculiar broadening of the energy spectrum of helical Luttinger liquids 64, 65 . For these processes a R ↑ electron tunnels into the R ↓ channel, losing a certain amount of energy and creating a particle-hole excitation in the L ↑ channel. The missing energy is stored into the particle-hole contribution in the opposite channel. The creation of such particle-hole excitations is due to the peculiar form of the interaction, and in particular to the term of inter-channel density-density interactions, proportional to g 2 65 . Each tunneling event of the type described above is associated with a finite energy-dependent transferred momentum. Therefore, because of the spectral function broadening of the linear dispersing edge states in the presence of interactions, f -events can depend on the energy at which tunneling occurs. Furthermore, let us notice that tunneling of a R ↑ electron induces a finite transferred momentum on each branch of the bottom edge, in the presence of interactions. This means that a single f -tunneling event induces both a forward and a backward scattering, in contrast to the same process in the non-interacting case. As a consequence, it is no longer true that charge and spin are transferred from one reservoir to the other independently of f -tunneling. From these considerations, we predict that electron interactions dramatically affect the thermoelectric charge and spin response. In particular, we will show that the interactions-induced energy dependence of f -processes can lead to a thermally driven spin current.
V. EVALUATION OF THERMOELECTRIC SPIN CURRENT
In this section we calculate average currents in the setup of Fig. 1 in presence of electron-electron interactions. We evaluate the expectation value of current operators (10) and (11) at lowest order in the tunneling 66, 67 . We obtain
for charge current, and
for spin current, where λ p/f = Λ p/f 2πa and we have introduced
The contribution of p-tunneling to average spin current is zero due to the symmetry between ↑ and ↓ electrons in a two terminal configuration. The function P ±,g (t) = e gW±(t) is related to the bosonic correlation function [68] [69] [70] (k B = 1)
with W ± (t) = φ ( )
± (0) equal for the top and bottom edges and ω c = u/a the high-energy cut-off. It is convenient to switch to the energy representation, by using the Fourier transformP ±,g (E) = dte −iEt P ±,g (t). In the limit ω c /T L/R 1, it can be written asP
where n L/R (E) is the Fermi distribution 71 of left and right reservoirs and
with B(x, y) the Euler Beta function. The above function plays the role of an effective density of state for an interacting system, with energy and temperature dependence, and it reduces to a constant in the limit g → 1.
In the energy representation the average currents read
The functions
play the role of effective transmission probabilities for charge and spin transport respectively. Their energy dependence can be modified by changing the shape of the tunneling region, and this is crucial in order to allow for thermoelectric effects. Both charge and spin currents acquire a power-law dependence with temperature determined by the functions D ±,g (E), with the exponent linked to the interaction strength, as typical of Luttinger liquids. Looking at Eqs. (30) and (31), one immediately sees that the charge current is an odd function of the temperature difference ∆T = T R − T L , while the spin current is an even function of ∆T . This means that the thermoelectric generation of a spin current requires necessarily a nonlinear regime.
It is worth to note that, putting K = 1 in Eq. (30), we can identify by comparison with Eq. (16) the p-transmission amplitude at the lowest order in tunneling
A. Double quantum point contact geometry
To make quantitative prediction, we now focus on tunneling region composed by two QPCs placed at position x = ±d/2. Before starting, we recall that for a single QPC f (x) = δ(x), and both currents I c/s vanish, since the transmission functions are energy independent and can't give rise to any thermoelectric effect. In the case of interest with two QPCs, the function δ (x − p d/2) and thus
The dimensionless parameters
have been defined, which are related to the distance between the QPCs and to the gate voltage configuration. The region between the two QPCs produces interference pathways for electrons, as schematically depicted in Fig.  3 . A R ↑ electron starting from left reservoir can undergo a p-event either at the left (black solid line in Fig.  3 ) or at the right (black dashed line in Fig. 3 ) QPC. The energy dependence of tunneling events is related to an energy-dependent phase difference between interference paths. Notice that I c does not depend on the parameter α, and this is due to the different tunneling processes which generate the two currents (p-or f -tunneling). function of the interaction parameter K for different values of the thermal gradient. As expected, the limit K → 1 leads to a vanishing current while a finite thermoelectric spin current appears as soon as repulsive electronelectron interactions are taken into account (K < 1). It is worth noting that the spin current increase monotonically as the thermal gradient is enhanced. For the sake of definiteness we fix henceforward the temperatures as T L = 0.1 K and T R = 1 K. We have chosen such values since (i) they are experimentally accessible 9, 20, 22, 49 , (ii) a non-linear regime is required in order to observe a finite spin current and (iii) the thermal gradient is sufficiently large to get relevant signals and to increase the visibility in the generated thermoelectric currents (as shown in Fig. 4 ). In (or equivalently the distance between the two QPCs). In particular I c oscillates with η with a period governed by sin(2η). This sinusoidal dependence has an envelope which grows with increasing η and eventually vanishes for very large values of η (i.e. for very large distance d). The zeros of charge current occur at η = π 2 (2n + 1) (with n integer), which correspond to the condition for resonant tunneling through the two point contacts: in this case single electron tunneling does not contribute to charge current at lowest order in tunneling as pointed out in Ref. 58 and 61, and higher order tunneling processes should be considered 61 . As a function of K the charge current has a decreasing amplitude while increasing the interaction strength (i.e. decreasing the parameter K). On the other hand, the spin current oscillates with a different period due to the presence of the parameter α in Eq. (35) . In the interval −1 ≤ α ≤ 1 (α = 0.4 in the figure) less zeros are expected for the spin current with respect to the charge one. The contrary occurs for |α| > 1 and the visibility of spin current decreases with respect to charge current. For this reason, we focused the analysis on the interval −1 ≤ α ≤ 1. For each value of η the spin current shows the qualitative behavior described in Fig. 4 , with I s positive or negative depending on the specific value of η. By modulating the two gate voltages (parameters η and α), the oscillating behavior of currents allow to induce a pure thermoelectric spin current with vanishing charge current. This is shown in Fig. 6 with the ratio I s / I c as a function of η for three values of α. Configurations with a pure spin current and a vanishingly small charge current are achieved whenever the ratio diverges. This fact is true also for different values of temperatures and interaction parameter. As an example, for η = 2π, the ratio diverges for α = 0.10 and α = 0.40. Note however that it remains finite for α = 0.25, because both charge and spin current vanish in this configuration. Once the parameter η is fixed, e.g. in order to have a pure spin current one can still manipulate independently the parameter α, controlling the amplitude and the period of I s . This is shown in Fig. 7 , where a pure spin current is achieved for different values of η.
VI. CONCLUSIONS
We have investigated thermoelectric transport properties of a 2D TI in a two terminal configuration. In particular we have calculated the charge and spin current induced by a thermal gradient in presence of a tunneling region. We have found that electron-electron interactions play a fundamental role in the generation of finite thermoelectric effect and spin current. We have considered both spin-preserving and spin-flipping tunneling processes, showing that the latter are responsible for the finite average spin current in the interacting case. Focusing on the double quantum point contact geometry, we have demonstrated that it is also possible to generate a pure spin current acting on gate voltages or varying the distance between the two QPCs.
